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0. Introduction
Let G be a connected reductive linear algebraic group over the local ﬁeld K = k((t)) of Laurent
series with algebraically closed residue ﬁeld k and ring of integers OK = k[[t]]. The loop group LG is
the functor
LG : Spec(R) −→ G(Spec(R((t))))
on the category of aﬃne k-schemes. This functor is representable by an ind-aﬃne ind-scheme (= in-
ductive limit of aﬃne schemes). To a facet F in the Bruhat–Tits building of G there is associated
a unique smooth aﬃne group scheme PF with connected ﬁbers over OK such that its generic ﬁber
is G , and its OK -valued points PF (OK ) are the parahoric subgroup of G(K ) attached to F . To PF
corresponds an inﬁnite-dimensional aﬃne group scheme L+PF over k with
L+PF
(
Spec(R)
)= PF (Spec(R[[t]])).
The quotient FF = LG/L+PF (in the sense of fpqc-sheaves) is called the twisted aﬃne ﬂag variety
associated to G and F and is representable by an ind-proj scheme (= inductive limit of projective
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nian. We consider Schubert varieties in FF , i.e. reduced closures of L+PF -orbits in FF . These are
ﬁnite-dimensional projective varieties over k. Our concern in this paper is the dimension and inclu-
sion relations of Schubert varieties. In the end we apply our results to some local models of certain
Schubert varieties.
Fix a maximal K -split torus S in G whose apartment contains F . The Schubert varieties in FF
are enumerated by double cosets W˜ F \W˜ /W˜ F of the Iwahori–Weyl group W˜ modulo the subgroup
W˜ F attached to F . For w ∈ W˜ F \W˜ /W˜ F , the corresponding Schubert variety Sw is the closure of the
L+PF -orbit
(
L+PF wL+PF
)
/L+PF ⊂FF
equipped with the reduced scheme structure.
The choice of an alcove containing F in its closure endows the group W˜ with the structure of a
quasi-Coxeter-system, which may thus be equipped with a Bruhat–Chevalley (partial) order  and a
length function l. To w ∈ W˜ F \W˜ /W˜ F , we associate a unique representative F wF in W˜ which satisﬁes
l
(
F w
F )= Max
w1∈W˜ F
Min
w2∈W˜ F
l(w1 w˙w2),
where w˙ is any representative of w in W˜ . If we set F W˜ F
def= {w ∈ W˜ | w = F wF }, then the Schubert
varieties in FF are also enumerated by F W˜ F .
Proposition 0.1. Let Sw be the Schubert variety in FF corresponding to w ∈ F W˜ F .
(i) Sw is set theoretically a disjoint union of locally closed strata
Sw =
∐
v∈F W˜ F
vw
(
L+PF vL+PF
)
/L+PF .
(ii) The dimension of Sw is equal to l(w).
Let W0 be the relative Weyl group of G with respect to S . Denote by T the centralizer of S
in G . Since G is quasi-split, T is a maximal torus. Let F = {x} be a special vertex and I be the
absolute Galois group. Then it turns out (cf. Corollary 1.8) that F W˜ F = X∗(T )−I are the antidominant
representatives of the W0-orbits in the coinvariants under I of the geometric cocharacters X∗(T ). Let
Gder be the derived group of G with simply connected covering Gsc → Gder. Denote by Tsc the inverse
image of Gder ∩ T in Gsc. Let Σ0 be the unique reduced root system such that
X∗(Tsc)I W0 = Q
(
Σ∨0
)
W (Σ0),
compatible with the semidirect product decomposition. Here W (Σ0) is the Weyl group, and Q (Σ∨0 )
is the coroot lattice with respect to Σ0.
Corollary 0.2. Let Sμ be the Schubert variety in FF corresponding to μ ∈ X∗(T )−I . Then
dim(Sμ) =
∣∣〈μ,2ρ〉∣∣,
where ρ denotes the halfsum of the positive roots in Σ0 .
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Schubert varieties admit a good class of resolutions of singularities. The following theorem is the
analogue in the present case of an analogous resolution in the case of Schubert varieties in ﬁnite-
dimensional ﬂag varieties (cf. [BL, Ch. 9.1]). A proof in the case of simply connected split groups was
explained to me by N. Perrin, and his arguments extend to the general case.
Theorem 0.4. Let F be a facet in the Bruhat–Tits building of G, and let S be a ﬁxed Schubert variety in FF .
Assume for simplicity that S is contained in the neutral component of FF . Then there exist parahoric group
schemes P1, . . . ,Pn andQ1, . . . ,Qn with
(i) L+Qi ⊂ L+Pi ∩ L+Pi+1 for i = 1, . . . ,n − 1,
(ii) L+Qn ⊂ L+Pn ∩ L+PF ,
(iii) L+PF ⊂ L+P1
such that the morphism
L+P1 ×L+Q1 · · · ×L+Qn−1 L+Pn/L+Qn −→FF
given by multiplication factors through S and induces a birational and L+P1-equivariant morphism
L+P1 ×L+Q1 · · · ×L+Qn−1 L+Pn/L+Qn → S.
Moreover, the source of this morphism is an iterated extension of homogeneous spaces and is hence smooth
over k.
Suppose that G splits over K . If F = C is an alcove, then a resolution like the one in Theorem 0.4
can be provided by the Demazure resolution. The case of Schubert varieties in ﬁnite-dimensional ﬂag
varieties is treated in [Dem], and the aﬃne case is an extension of these arguments [PR1, §8.c.]. If F
is a hyperspecial vertex and if w is a quasi-minuscule coweight, then the resolution of Theorem 0.4
is the same as the one constructed by B.-C. Ngô and P. Polo in [NP, Lemme 7.3].
Theorem 0.4 has applications to the theory of local models of Shimura varieties with parahoric
level structure. We illustrate this by the following example. Let G = GU(W , φ) be the group of uni-
tary similitudes for a hermitian vector space (W , φ) of odd dimension n = 2m + 1 3 over a totally
ramiﬁed quadratic extension E of Qp with p = 2. Let P ⊂ G(Qp) be a parahoric subgroup with corre-
sponding parahoric group scheme P over Zp . G. Pappas and M. Rapoport [PR3] attach to P the naive
local model MnaiveP over OE which models the étale local structure of a corresponding model for the
unitary Shimura variety of signature (r, s) at a given ramiﬁed prime p. The local model MnaiveP is a
projective OE scheme which carries an action of P ⊗OE and whose generic ﬁber is of dimension rs.
It admits a moduli description, but fails to be ﬂat in general [Pa]. To remedy the failure of ﬂatness,
G. Pappas adds the ∧-condition to the moduli description of MnaiveP , thus deﬁning a closed subscheme,
M∧P ⊂ MnaiveP , the wedge local model, which agrees with MnaiveP on generic ﬁbers. B.D. Smithling [Sm]
shows that the scheme M∧P is topologically ﬂat. There is a further variant
M locP ⊂ M∧P ⊂ MnaiveP ,
which is by deﬁnition the ﬂat closure of the generic ﬁber in MnaiveP , and is thus itself ﬂat. It is called
the local model and conjecturally admits a moduli description [PR3, Conj. 7.3].
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ﬁber MnaiveP = MnaiveP ⊗ Falgp of the naive local model in the partial twisted aﬃne ﬂag variety FP
corresponding to P (cf. [PR3, §3.c]). This embedding is equivariant under the action of L+P .
Now assume that P is a special maximal parahoric subgroup. There are two conjugacy classes of
special parahoric subgroups, and we assume that P corresponds to the class given by I = {m} in the
notation of [PR3, 1.b.3 a)]. So F = FP is a twisted aﬃne Graßmannian. Let M∧s = M∧P be the wedge
local model for signature (r, s). This case is also considered by K. Arzdorf in [Arz].
Theorem 0.5. There is a projective morphism πs :M∧s → M∧s ofOE -schemes which is the identity on generic
ﬁbers, and which satisﬁes the following properties:
(i) The geometric special ﬁberM∧s =
⋃s
i=0 Zi is the union of s+1 irreducible and generically smooth divisors
on the scheme M∧s which are the strict transforms of s + 1 linearly ordered strata in M∧s . The divisors
Z0 , Zs are smooth, and the restriction π s|Zs : Zs → M∧s is a surjective birational projective morphism. In
particular, M∧s is irreducible and contains a non-empty open reduced subscheme.
(ii) The special ﬁber of the local model M locs is equal to the reduced locus (M
∧
s )red , and hence π s|Zs factors
through M locs , thus deﬁning the morphism θ : Zs → M locs which is embedded in a twisted aﬃne Graßman-
nian, such that θ is identical to an equivariant aﬃne Demazure resolution in the sense of Theorem 0.4.
As a corollary we obtain the main result of K. Arzdorf [Arz].
Corollary 0.6. The geometric special ﬁber of the local model M locs is normal, Frobenius-split and has only
rational singularities.
Remark 0.7. If (r, s) = (n − 1,1), the morphism π1 :M∧1 → M∧1 is a semistable resolution, i.e. M∧1
is regular and the irreducible components of the special ﬁber are smooth divisors crossing normally.
In fact, in this case the scheme M loc1 is even smooth, although it is stratiﬁed by s + 1 = 2 orbits as a
Schubert variety in the twisted aﬃne Graßmannian F as was observed by the author [Arz, Prop. 4.16].
As a consequence the analogue of the theorem of S. Evens and I. Mirkovic´ [EM, Cor. B] that a Schubert
variety in the aﬃne Graßmannian is singular along its boundary, fails for twisted aﬃne Graßmannians.
Notation. Let K be a discretely valued complete ﬁeld whose valuation val : K× → Z is non-trivial,
non-archimedean and normalized such that uniformizers have valuation 1. Denote by OK its ring of
integers with maximal ideal mK and residue ﬁeld k =OK /mK .
We assume that k is algebraically closed. Let K sep be a separable closure of K .
1. The Iwahori–Weyl group
First we recall some facts on the Iwahori–Weyl group as given by T. Haines and M. Rapoport
in [HR] and prove some combinatorial lemmas needed later.
Let G be a connected reductive linear algebraic group over K . Note that G is quasi-split by Stein-
berg’s Theorem. Let B=B(G, K ) be the (enlarged) Bruhat–Tits building.
Fix a maximal K -split torus S . Let T be the centralizer (a maximal torus) of S , and let N be the
normalizer of S . Denote by W0 = N(K )/T (K ) the relative Weyl group of G with respect to S and
denote by A=A(G, S, K ) the apartment of B corresponding to S .
Deﬁnition 1.1. (i) The Iwahori–Weyl group W˜ (G, S) of G with respect to S is
W˜ = W˜ (G, S) def= N(K )/T 0(OK ),
where T 0 is the connected Néron model of T over OK .
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Iwahori–Weyl group corresponding to F is
W˜ F
def= N(K ) ∩ P F /T 0(OK ).
Remark 1.2. Let π1(G) be the quotient of X∗(T ) by the coroot lattice of G with respect to T . The
absolute Galois group I = Gal(K sep/K ) acts on π1(G), and we denote by π1(G)I the coinvariants
under this action. Kottwitz deﬁnes in [Ko, §7] a surjective morphism of groups
κG : G(K ) −→ π1(G)I . (1.1)
We choose a different normalization of κG . For the torus T our normalization differs from Kottwitz’
normalization by a sign, i.e. we demand qT ◦ κT = −vT in Kottwitz’ notation [Ko].
The group N(K ) operates on A by aﬃne transformations
ν : N(K ) −→ Aff(A).
The kernel ker(ν) contains the group T 0(OK ). Hence, we obtain an action of W˜ on A. Let G1 be the
kernel of the Kottwitz morphism κG and set N1 = N(K ) ∩ G1. Fix an alcove C in the apartment A,
and denote the corresponding Iwahori subgroup by B . Let S be the set of simple reﬂections at the
walls of C . Note that B ∩ N1 = T 0(OK ). Then by Bruhat and Tits [BT2, Prop. 5.2.12], the quadruple
(G1, B,N1,S) (1.2)
is a double Tits-system with aﬃne Weyl group Waf = N1/T 0(OK ), and the inclusion G1 ⊂ G(K ) is
B-N-adapted of connected type (cf. [BT1, 4.1.3]).
For any facet F contained in the closure of C , the group W˜ F is the parabolic subgroup of the
Coxeter-system (Waf,S) generated by the reﬂections at the walls of C which contain F . A consequence
of (1.2) is the following lemma:
Lemma 1.3. (See [HR, Prop. 8].) Let F (resp. F ′) be a facet contained in the closure of C , and let P F (resp. P F ′ )
be the associated parahoric subgroup. There is a bijection
W˜ F ′ \W˜ /W˜ F ∼=−−→ P F ′ \G(K )/P F ,
W˜ F ′ wW˜ F −→ P F ′nw P F ,
where nw denotes a representative of w in N(K ).
Remark 1.4. If F ′ = F is a special vertex, then W˜ F maps (via the canonical projection) isomorphically
onto W0 and presents the Iwahori–Weyl group as a semidirect product
W˜ = (T (K )/T 0(OK ))W0. (1.3)
The group T 0(OK ) is equal to the kernel of the Kottwitz morphism κT , and hence we obtain an
isomorphism
T (K )/T 0(OK ) κT−−→ X∗(T )I .
Therefore, the double classes modulo P F are enumerated by the W0-orbits in X∗(T )I .
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1−→ Waf −→ W˜ −→ N(K )/N1 −→ 1,
and the group N(K )/N1 may be identiﬁed with the stabilizer of the alcove C in W˜ . Using the Kottwitz
morphism κG , the inclusion N(K ) ⊂ G(K ) gives an isomorphism
N(K )/N1 ∼= G(K )/G1 κG−−→ π(G)I ,
and hence a semidirect product decomposition
W˜ = π1(G)I Waf. (1.4)
Since (Waf,S) is a Coxeter-system, it is equipped with the Bruhat–Chevalley (partial) order  and the
length function l. By (1.4) the Iwahori–Weyl group W˜ is equipped with a quasi-Coxeter structure.
Remark 1.5. If G is simply connected, then G1 = G(K ) and hence W˜ = Waf is a Coxeter group.
Fix two facets F ′ and F in the closure of C .
Lemma 1.6. Let w ∈ W˜ .
(i) There exists a unique element wF of minimal length in wW˜ F .
(ii) There exists a unique element F ′ wF of maximal length in {(vw)F | v ∈ W˜ F ′ }.
Proof. We may assume that W˜ = Waf. Then the result follows from the proof of Lemma 1.7 be-
low. 
Denote by F ′ W˜ F ⊂ W˜ the subset
F ′ W˜
F def= {F ′wF ∣∣ w ∈ W˜ } (1.5)
of the Iwahori–Weyl group. This set maps bijectively under the natural projection onto the set of
double classes
F ′ W˜
F ∼=−−→ W˜ F ′ \W˜ /W˜ F . (1.6)
Let V = V (G, S) be the R-vector space R ⊗ X∗(S). We have a natural perfect pairing 〈−,−〉 :
X∗(S)× X∗(S) → Z of free Z-modules. Tensoring with R we get a natural identiﬁcation of R⊗ X∗(S)
with the dual space V ∨ and hence a perfect pairing
〈−,−〉 : V × V ∨ −→R. (1.7)
Choose a special vertex {x} in the closure of C . Then we may identify A = V such that {x} is iden-
tiﬁed with 0. The Iwahori–Weyl group is represented as a semidirect product W˜ = X∗(T )I  W0.
By Bourbaki [Bou, Chap. VI, §2, no 5, Prop. 8], there is a reduced root system Σ0 such that
Waf = Q ∨(Σ0)W (Σ0) is the aﬃne Weyl group of Σ0. Denote by
Σ = {a + k | a ∈ Σ0 and k ∈ Z}
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w(α)(x) = α(w−1 · x),
for x ∈ V , α ∈ Σ and w ∈ W˜ . For a root α ∈ Σ , we write α(F ) = 0, if α vanishes on F and α(F ) 0,
if α takes non-negative values on F . Let Σ(F ) be the set of all aﬃne roots with α(F ) = 0. Fix an
element w ∈ W˜ . The length l(w) is equal to the number of elements of
{
α ∈ Σ ∣∣ α(C) > 0 and w(α)(C) < 0}. (1.8)
Writing w = eμ ·wﬁn according to the semidirect product decomposition given by the special vertex x,
we deduce from (1.8) the formula
l
(
eμ · wﬁn
)= ∑
a(C)>0
w−1ﬁn (a)(C)>0
∣∣〈μ,a〉∣∣+ ∑
a(C)>0
w−1ﬁn (a)(C)<0
∣∣〈μ,a〉 − 1∣∣, (1.9)
where a runs through the elements of Σ0, and 〈−,−〉 : V × V ∨ →R is the natural pairing.
Lemma 1.7 (J.-L. Waldspurger). The length l(F ′ wF ) is equal to the number of elements of
{
α ∈ Σ\Σ(F ) ∣∣ α(C) > 0 and w(α)(F ′) 0}.
Proof. First, we show that the length l(wF ) is equal to the number of elements of the set
{
α ∈ Σ\Σ(F ) ∣∣ α(C) > 0 and w(α)(C) < 0}. (1.10)
Let u ∈ W˜ F . The length l(wu) is the number of elements of the set
{
α ∈ Σ ∣∣ α(C) > 0 and wu(α)(C) < 0}.
This set decomposes into a disjoint union X(u) unionsq Y (u) with
X(u) = {α ∈ Σ\Σ(F ) ∣∣ α(C) > 0 and wu(α)(C) < 0},
Y (u) = {α ∈ Σ(F ) ∣∣ α(C) > 0 and wu(α)(C) < 0}.
The map α → u(α) preserves the positivity for α ∈ Σ\Σ(F ). Hence, the cardinality of X(u) is in-
dependent of u and equal to X(1). Therefore, it is enough to prove that there is a unique u ∈ W˜ F
such that Y (u) = ∅. This means that u maps the set {α ∈ Σ(F ) | α(C) > 0} to the set {α ∈ Σ(F ) |
w(α)(C) > 0}. But those sets are Borel subsets of Σ(F ) and it is well known that there exists a
unique u ∈ W˜ F mapping the ﬁrst set to the second. This proves (1.10) and also Lemma 1.6 (i).
Now let u ∈ W˜ F ′ . The length l((uw)F ) is the number of elements of the set
{
α ∈ Σ\Σ(F ) ∣∣ α(C) > 0 and uw(α)(C) < 0}.
This set decomposes into a disjoint union X(u) unionsq Y (u) with
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Y (u) = {α ∈ Σ\Σ(F ) ∣∣ α(C) > 0, uw(α)(C) < 0 and w(α) ∈ Σ(F ′)}.
Again, the number of elements of X(u) is independent of u and equal to that of the set
{
α ∈ Σ\Σ(F ) ∣∣ α(C) > 0 and w(α)(F ′)< 0}.
The set Y (u) is contained in
Y = {α ∈ Σ\Σ(F ) ∣∣ α(C) > 0 and w(α)(F ′)= 0}.
It is enough to prove that there exists a u ∈ W˜ F ′ with Y (u) = Y and that those u form a single right
coset modulo W˜ F ′ ∩ (wW˜ F w−1). The set Y (u) (resp. Y ) is the image under the map β → w−1(β) of
the set
U (u) = {β ∈ Σ(F ′) ∣∣ w−1(β)(F ) > 0 and u(β)(C) < 0}(
resp. U = {β ∈ Σ(F ′) ∣∣ w−1(β)(F ) > 0}).
The condition U (u) = U is equivalent to u(U ) ⊂ Σ(F ′)− , where Σ(F ′)− is the set Σ(F ′)− = {β ∈
Σ(F ′) | β(C) < 0}. This last set is a Borel subset of Σ(F ′). Set
L = {β ∈ Σ(F ′) ∣∣ w−1(β) ∈ Σ(F )}.
Then
P = L ∪ U = {β ∈ Σ(F ′) ∣∣ w−1(β)(F ) 0}
is a parabolic subset of Σ(F ′) with Levi subset L and unipotent subset U . The inclusion u(U ) ⊂
Σ(F ′)− is equivalent to Σ(F ′)− ⊂ u(P ). It is well known that there is a u ∈ W˜ F ′ that realizes this in-
clusion and that it is unique modulo right multiplication with elements of the Weyl group associated
to L. But this group is contained in the group W˜ F ′ ∩ (wW˜ F w−1). This proves the lemma and also
Lemma 1.6 (ii). 
For any μ ∈ X∗(T )I denote by μanti the unique antidominant representative in W0 ·μ. The unique-
ness of μanti follows from the fact that W0 acts trivially on the torsion elements in X∗(T )I , since
Q ∨(Σ0) ∩ (X∗(T )I )torsion = 0.
Corollary 1.8. There is the identiﬁcation
{x}W˜ {x} =
{
eμ
∣∣μ ∈ X∗(T )I and μ = μanti},
and for eμ ∈ {x}W˜ {x} , its length is given by
l
(
eμ
)= ∣∣〈μ,2ρ〉∣∣,
where ρ denotes the halfsum of the positive roots in Σ0 .
For λ, μ antidominant, eλ  eμ in the Bruhat order if and only if λ μ in the antidominance order with
respect to Σ0 .
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l
((
eμ
){x})= ∑
a(C)>0
∣∣〈μ,a〉∣∣− #{a ∈ Σ0 ∣∣ a(C) > 0 and 〈μ,a〉 > 0}. (1.11)
This is maximal, for μ varying in its W0-orbit, if μ = μanti is the unique antidominant element, and
in this case
l
(
eμ
)= ∑
a(C)>0
∣∣〈μ,a〉∣∣= ∣∣〈μ,2ρ〉∣∣.
The last assertion is well known (cf. [Ra, Lemma 3.8]). 
Remark 1.9. Formula (1.11) is also given by Iwahori and Matsumoto in [IM, Prop. 1.25].
2. Schubert varieties
First we recall some facts on Schubert varieties in twisted aﬃne ﬂag varieties as given by G. Pappas
and M. Rapoport in [PR1]. We then explain how to calculate the dimension and stratiﬁcation in the
case of a twisted aﬃne Graßmannian.
We assume from now on that K is of equal characteristic, i.e. char(K ) = char(k). We give the
integers OK the structure of a k-algebra.
Let G be a scheme over K . Then the functor LG from the category of aﬃne k-schemes to the
category of sets is deﬁned by
LG(S)
def= G(Spec((R ⊗̂k OK ) ⊗OK K )),
for any aﬃne k-scheme S = Spec(R). Here R ⊗̂k OK denotes the completed tensor product with re-
spect to the mK -adic topology. Likewise, for any scheme G over OK one deﬁnes the functor L+G
as
L+G(S) def= G(Spec(R ⊗̂k OK )),
for any aﬃne k-scheme S = Spec(R). The functors LG and L+G give rise to sheaves in the fpqc-
topology on the category of aﬃne k-schemes.
Remark 2.1. Choosing a uniformizer t of OK , we obtain
LG(S) = G(Spec(R((t)))) and L+G(S) = G(Spec(R[[t]])),
for any aﬃne k-scheme S = Spec(R).
If G (resp. G) is a group scheme over K (resp. OK ), then LG (resp. L+G) is a sheaf of groups. Let
G be a group scheme over OK . Then one deﬁnes FG as the fpqc-quotient
FG def= LGη/L+G,
where Gη denotes the generic ﬁber of G over OK . In other words, FG is the fpqc-sheaf on the
category of aﬃne k-schemes associated to the functor S → LGη(S)/L+G(S) for any aﬃne k-scheme S .
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(i) If G is aﬃne of ﬁnite type over K , then LG is representable by a strict ind-aﬃne scheme over k.
(ii) If G is aﬃne of ﬁnite type overOK , then L+G is representable by an aﬃne scheme over k.
(iii) If G is a smooth aﬃne group scheme over OK , then FG is representable by an ind-scheme of ind-ﬁnite
type over k and the quotient map LGη →FG admits sections étale-locally.
Let G be a connected reductive linear algebraic group over K .
Deﬁnition 2.3. Let F be a facet of the building B(G, K ) and denote by PF the corresponding parahoric
group scheme. The fpqc-sheaf
FF =FPF = LG/L+PF
is called the (twisted) aﬃne ﬂag variety.
If F is an alcove (all of these are conjugate), we call FPF the (twisted) full ﬂag variety.
If F is a special vertex, we call FPF the (twisted) aﬃne Graßmannian associated to F .
Remark 2.4. By Pappas and Rapoport [PR1, Thm. 5.1], the Kottwitz morphism gives rise to a locally
constant surjective morphism of ind-group schemes over k
κG : LG −→ π1(G)I ,
where π1(G)I denotes the constant group scheme associated to π1(G)I . In particular, the k-points of
the neutral component (LG)0(k) are equal to G1 (cf. (1.2)).
Fix a parahoric subgroup P ′ = P F ′ (resp. P = P F ) given by a facet F ′ (resp. F ) of B=B(G, K ), and
denote by P ′ (resp. P) the corresponding parahoric group scheme. We choose the maximal K -split
torus S such that F ′ and F are contained in the corresponding apartment A=A(G, S, K ).
Deﬁnition 2.5. Let w be an element of the Iwahori–Weyl group W˜ = W˜ (G, S).
(i) The (P ′, P )-Schubert cell Cw = Cw(P ′, P ) is the reduced subscheme
L+P ′ · nw ⊂ LG/L+P =FP ,
where nw denotes any representative in N(K ).
(ii) The (P ′, P )-Schubert variety Sw = Sw(P ′, P ) is the reduced scheme with underlying set the Zariski
closure of Cw .
Remark 2.6. The deﬁnition of Cw and hence of Sw is independent of the chosen representative nw
of w . The Schubert cell Cw is an irreducible smooth variety over k, since the L+P ′-action on Cw
factors through a ﬁnite-dimensional irreducible smooth quotient of L+P ′ . Note that in general Cw is
not a topological cell, when P ′ is not an Iwahori subgroup. The Schubert variety Sw is an irreducible
projective variety, and Cw is an open dense subset in Sw . However, Sw is not smooth in general, and
there arise interesting singularities along the boundaries of its stratiﬁcation in L+P ′-orbits.
Theorem 2.7. (See [PR1, Thm. 8.4].) Suppose that G splits over a tamely ramiﬁed extension of K and that the
order of the fundamental group of the derived group π1(Gder) is prime to the characteristic of k. Then for any
w ∈ W˜ the Schubert variety Sw is normal, Frobenius-split (when char(k) > 0) and has rational singulari-
ties.
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have a semidirect product decomposition W˜ = π1(G)I  Waf. Denote by l the length function of W˜
with respect to C .
Proposition 2.8. Let w ∈ F ′ W˜ F .
(i) The Schubert variety Sw = Sw(P ′, P ) is set theoretically the disjoint union of locally closed subvarieties
Sw =
∐
v∈F ′ W˜ F
vw
Cv
(
P ′, P
)
.
(ii) The dimension of Sw is l(w).
Proof. We may assume after translation with some element of π1(G)I that Sw is contained in the
neutral component (FF )0 and so w ∈ Waf. Let B = PC be the Iwahori subgroup corresponding to the
alcove C . Since (LG)0(k) = ker(κG) = G1, the k-points Sw(k) coincide with a (P ′, P )-Schubert variety
for the double Tits-system (G1, B,N1,S) (cf. (1.2)).
First assume that P = B is the Iwahori subgroup. Denote the corresponding Iwahori group scheme
by B. Using the Demazure resolution in [PR1, Prop. 9.6 (b)], we see that the closure of an L+B-orbit is
the disjoint union of the L+B-orbits for elements which are smaller than w with respect to the Bruhat
order. By Lemma 1.3 and Eq. (1.6), this implies (i). Using the Demazure resolution again, we see that
the dimension of an L+B-orbit is exactly the length of the corresponding element in Waf. Hence, the
L+B-orbit of w is the unique L+B-orbit of maximal dimension in Sw . So we have dim(Sw) = l(w).
This proves (ii).
If P is not necessarily an Iwahori subgroup, we consider the projection p : FC → FF from the
full ﬂag variety to the partial ﬂag variety. Then p−1(Sw) is a (P ′, B)-Schubert variety and its projec-
tion onto FF is Sw . This implies (i). Since C Bw = Cw(B, P ) is open in Sw , it is enough to determine
dim(C Bw). We have a smooth, surjective morphism
p|p−1(C Bw ) : p−1
(
C Bw
)−→ C Bw
and so dim(C Bw) = dim(p−1(C Bw)) − dim(p−1(w)). We show that there is set theoretically a disjoint
union
p−1
(
C Bw
)= ∐
u∈W˜ F
Cwu(B, B). (2.1)
But P =∐u∈W˜ F BuB by general properties of Tits-systems, and hence
BwP =
∐
u∈W˜ F
BwBuB.
Since w = wF , we have l(wu) = l(w) + l(u) for all u ∈ W˜ F , and therefore BwBuB = BwuB . This
proves (2.1).
By the Iwahori case we have
dim
(
p−1
(
C Bw
))= Max
u∈W˜ F
l(wu).
But l(wu) = l(w) + l(u) and the right hand side is equal to l(w) + l(w0), where w0 is the longest
element in W˜ F . Using Remark 2.9 (i) below we get
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(
p−1(w)
)= dim(L+P/L+B)= l(w0),
and we are done. 
Remark 2.9. (i) Let P redF be the maximal reductive quotient of the special ﬁber of PF . The maximal K -
split torus S has a natural OK -structure, and its special ﬁber S is a maximal torus of P redF (cf. [Ti, 3.5]).
The group W˜ F can be identiﬁed with the relative Weyl group of P redF with respect to the maximal
torus S (cf. [Ti, 3.5.1]). Let f be a facet whose closure contains F . Consider the special ﬁber of the
induced morphism P f → PF . The image in P redF is a parabolic subgroup P ′f and reduction mod mK
gives an isomorphism
L+PF /L+P f
∼=−−→ P redF /P ′f .
Hence, L+PF /L+P f is a homogeneous space and its dimension is given by the length of the longest
element in (W˜ F ) f , where (W˜ F ) f are the minimal length representatives of W˜ F /W˜ f in W˜ F .
(ii) Lemma 1.3 and some geometric arguments similar to those in the proof of Proposition 2.8 may
be used to obtain another proof of Lemma 1.6.
If F ′ = F = {x} is a special vertex, then {x}W˜ {x} = X∗(T )−I by Corollary 1.8 are the antidominant
coweights. Then Proposition 2.8 implies:
Corollary 2.10. Let μ ∈ X∗(T )−I be an antidominant coweight.
(i) The (P {x}, P {x})-Schubert variety Sμ is set theoretically the disjoint union of locally closed subvarieties
Sμ =
∐
λ∈X∗(T )−I
λμ
Cλ(P {x}, P {x}),
where λμ in the antidominance order.
(ii) The dimension of Sμ is |〈μ,2ρ〉|.
3. Equivariant resolution of Schubert varieties
We explain the construction of an equivariant aﬃne Demazure resolution in twisted aﬃne ﬂag va-
rieties. This is analogous to the construction in ﬁnite-dimensional ﬂag varieties explained by S. Billey
and V. Lakshmibai in [BL, Ch. 9.1]. We thank N. Perrin for explaining a proof to us and his permission
to reproduce it.
Fix an alcove C in the standard apartment A = A(G, S, K ) of the connected reductive group G
over K with ﬁxed maximal K -split torus S . Let B =PC be the corresponding parahoric group scheme
and B = B(OK ) the parahoric subgroup. We refer to parahoric subgroups of G(K ) containing B as
standard parahoric subgroups.
Let W˜ = π1(G)I Waf be the Iwahori–Weyl group and denote by S the set of simple reﬂections at
the walls of C . Recall (cf. (1.2)) that the quadruple (G1, B,N1,S) is a double Tits-system with aﬃne
Weyl group Waf. For any facet F contained in the closure of C , the group W˜ F is a parabolic subgroup
of the Coxeter-system (Waf,S) which is generated by the simple reﬂections SF at the walls of C
containing F . Let W˜ F be the set of minimal length representatives of W˜ /W˜ F , i.e.
W˜ F
def= {w ∈ W˜ ∣∣ w = wF }= {w ∈ W˜ ∣∣ l(ws) = l(w) + 1 ∀s ∈ SF }.
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F W˜
def= {w ∈ W˜ ∣∣ w−1 ∈ W˜ F }= {w ∈ W˜ ∣∣ l(sw) = l(w) + 1 ∀s ∈ SF }.
For any w ∈ W˜ , we may write
w = wF · wF
(
resp. w = F w · F w
)
,
where wF ∈ W˜ F (resp. F w ∈ F W˜ ) and so wF ∈ W˜ F (resp. F w ∈ W˜ F ). We sometimes replace the
subscript (resp. superscript) F by the corresponding parahoric subgroup.
Fix a facet F in the closure of C and denote by P F (resp. PF ) the corresponding standard parahoric
subgroup (resp. parahoric group scheme). Let w ∈ Waf and Sw the (B, P F )-Schubert variety in FF
corresponding to w .
Deﬁnition 3.1. A sequence of parahoric group schemes P1, . . . ,Pn and Q1, . . . ,Qn with
(i) L+Qi ⊂ L+Pi ∩ L+Pi+1 for i = 1, . . . ,n − 1,
(ii) L+Qn ⊂ L+Pn ∩ L+PF
is called resolutive with respect to Sw , if the morphism given by multiplication
L+P1 ×L+Q1 · · · ×L+Qn−1 L+Pn/L+Qn −→FF
factors through Sw and induces a birational morphism
m : L+P1 ×L+Q1 · · · ×L+Qn−1 L+Pn/L+Qn −→ Sw .
Here the source of m is deﬁned as the fpqc-quotient
L+P1 × · · · × L+Pn/L+Q1 × · · · × L+Qn,
where the right action is given by
(p1, . . . , pn) · (q1, . . . ,qn) =
(
p1q1,q
−1
1 p2q2, . . . ,q
−1
n−1pnqn
)
.
By Remark 2.9, it is representable by an iterated extension of homogeneous spaces and hence smooth.
Note that the morphism m is L+P1-equivariant, and hence L+P1 must stabilize the Schubert vari-
ety Sw .
Examples 3.2. (i) Let w ∈ (Waf)F and ﬁx a reduced decomposition (s1, . . . , sn) of w . Denote by Pi the
parahoric group scheme corresponding si . Set Qi = B for i = 1, . . . ,n. Then the sequence P1, . . . ,Pn
and Q1, . . . ,Qn is resolutive for Sw .
(ii) Let G be split and simple. Assume that F = {x} is a hyperspecial vertex and that w = e−α∨ ,
where −α∨ ∈ X∗(T )− is the unique short antidominant1 coroot with respect to the maximal torus T .
Let Pα∨ be the unique standard parahoric group scheme corresponding to the simple (ﬁnite) reﬂec-
tions Sα∨ which stabilize α∨ . The simple aﬃne reﬂection is s0 = eα∨ sα , where sα is the reﬂection
1 The sign comes from the normalization of the Kottwitz morphism in Remark 1.2.
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corresponding to the set of simple reﬂections {s0} ∪ Sα∨ . Set
P1 = P{x} and P2 = Ps0,α∨
and
Q1 = Pα∨ and Q2 = Pα∨ .
Then the sequence P1,P2 and Q1,Q2 is resolutive for Sw in the aﬃne Graßmannian F{x} . This is the
resolution given by Ngô and Polo in [NP, Lemme 7.3].
Lemma 3.3. There is a unique parahoric group scheme Pw such that L+Pw stabilizes Sw , and such that
Pw = L+Pw(k) is maximal among all standard parahoric subgroups with this property. Furthermore,
W˜ Pw = span
{
s ∈ S ∣∣ l((sw)F ) l(wF )}⊂ Waf.
Proof. For any s ∈ S, the properties l((sw)F ) l(wF ) and (sw)F  wF are equivalent. Let Pw be the
standard parahoric subgroup corresponding to the set of simple reﬂections {s ∈ S | (sw)F  wF }. By
Proposition 2.8 (i), the group scheme L+Pw stabilizes Sw and Pw is maximal with this property. 
The group scheme L+Pw is called the stabilizer of Sw .
Theorem 3.4. Let w ∈ (Waf)F and let Sw be the corresponding (B, P F )-Schubert variety. Then there exists a
unique decomposition w = w1 · · · · · wn with
l(w) = l(w1) + · · · + l(wn),
and with the following property: deﬁne the sequence of parahoric group schemes P1, . . . ,Pn andQ1, . . . ,Qn
by the following conditions,
(i) L+Pi is the stabilizer of the (B, P F )-Schubert variety given by wi · · · · · wn for i = 1, . . . ,n,
(ii) L+Qi = L+Pi ∩ L+Pi+1 for i = 1, . . . ,n− 1,
(iii) L+Qn = L+Pn ∩ L+PF .
Then P1, . . . ,Pn andQ1, . . . ,Qn is resolutive for Sw .
Corollary 3.5. Let F ′ be another facet in the Bruhat–Tits building of G and let S(F ′, F ) be any (F ′, F )-Schubert
variety in FF . Then there exists a resolutive sequence of parahoric group schemes for S(F ′, F ) such that the
corresponding birational morphism is L+PF ′ -equivariant.
Proof of Theorem 3.4 (N. Perrin). Let L+P = L+P1 be the stabilizer of Sw , and denote by P = L+P(k)
the corresponding parahoric subgroup. Write w = P w · P w and deﬁne w1 = P w . Note that P w is
non-trivial, if w is non-trivial. So L+Q= L+Q1 is the intersection of L+P with the stabilizer of the
(B, P F )-Schubert variety Sv corresponding to v = P w .
Claim. The element (w1)Q = (P w)Q is the longest element in (W˜ P )Q .
It is enough to show that for each s ∈ SP , we have l((sw1)Q ) l(wQ1 ), and without loss of gener-
ality we may assume l(sw1) = l(w1)+1, since the other case, where l(sw1) = l(w1)−1, is easy. Since
sw1 ∈ W˜ P , we get that l(sw1v) = l(sw1)+ l(v), which means l(sw) = l(w)+ 1. Hence, sw  w in the
Bruhat order. But s ∈ W˜ P implies (sw)F = wF = w , i.e. w−1sw ∈ W˜ F . We obtain
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and so w−11 sw1 ∈ W˜ Q . This implies that l((sw1)Q ) l(wQ1 ), and hence the claim.
We next show that the morphism
L+P ×L+Q Sv −→ Sw (3.1)
given by multiplication is birational.
In the following, we equip all orbits with their reduced scheme structure. By the claim above, the
orbit (L+BP wL+Q)/L+Q is the open L+B-orbit in L+P/L+Q. We obtain that (L+BP wL+Q) ×L+Q
(L+QP wL+PF )/L+PF is open in L+P ×L+Q Sv and, via the multiplication morphism, isomorphic to
(L+BwL+PF )/L+PF . This proves that the morphism (3.1) is birational. The theorem now follows by
induction on n. 
4. Example of a ramiﬁed unitary group in odd dimension
We make Theorem 3.4 explicit in the case of a twisted aﬃne Graßmannian for a ramiﬁed quasi-
split unitary group. In the presentation of the material we follow [PR3].
Assume that char(k) = 2. Fix a quadratic totally ramiﬁed extension K˜ of K and a uniformizer
u ∈ OK˜ with u2 = t , where t is a uniformizer of OK . We extend the valuation of K to K˜ , i.e.
val(u) = 12 . Denote by ·¯ ∈ I = Gal(K˜/K ) the non-trivial element of the Galois group. Let G = SU(W , φ)
be the special unitary group for a hermitian vector space (W , φ) of odd dimension n = 2m + 1  3
over K˜ , i.e.
G(R) = {g ∈ SL(W ⊗K R) ∣∣ φ(gv, gw) = φ(v,w) ∀v,w ∈ W ⊗K R}
for any K -algebra R . Assume that φ splits, i.e. that there exists a basis e1, . . . , en of W such that
φ(ei, en− j+1) = δi, j ∀i, j = 1, . . . ,n.
For 0 i  n− 1, set
Λi = spanOK˜
{
u−1e1, . . . ,u−1ei, ei+1, . . . , en
}
,
and complete {Λ0, . . . ,Λn−1} into a selfdual periodic lattice chain (Λi)i∈Z by deﬁning Λqn+i = u−qΛi
for i ∈ {0, . . . ,n− 1}. The dual Λ∨i with respect to φ of the lattice Λi is given by Λ∨i = Λ−i .
For any non-empty subset J ⊂ {0, . . . ,m} we may consider the partial periodic lattice chain Λ J• =
(Λi)i of type J , for i ∈ J ∪ (− J ) modulo n. Every parahoric subgroup of G(K ) is conjugate to the
stabilizer of a partial selfdual periodic lattice chain of some uniquely deﬁned type J (cf. [PR1, §4]).
In this way we get a bijection between non-empty subsets of {0, . . . ,m} and conjugacy classes of
parahoric subgroups of G(K ). The subsets J = {0} and J = {m} correspond to the special parahoric
subgroups. Let P J be the parahoric group scheme which corresponds to the stabilizer of the lattice
chain Λ J• .
Now let P =P J with J = {m}. Let F = LG/L+P be the corresponding twisted aﬃne Graßmannian.
By [PR1, Thm. 4.1], there is a functorial bijection of sets between F(Spec(R)) and
⎧⎨
⎩
partial selfdual periodic
R[[u]]-lattice chains (Li)i
for i ∈ {m,−m} mod n
∣∣∣∣∣ (i)
∧nLm = (u−m)
(ii) Lm+1/Lm is locally free on R of rank 1
⎫⎬
⎭ .
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{
diag
(
a1, . . . ,am,1,a
−1
m , . . . ,a
−1
1
) ∣∣ ai ∈ K ∀i = 1, . . . ,m}.
Its centralizer T is the maximal torus whose K -valued points are
{
diag
(
a1, . . . ,am,a
−1a¯, a¯−1m , . . . , a¯−11
) ∣∣ a = a1 · · · · · am and ai ∈ K˜ ∀i = 1, . . . ,m}.
We ﬁx the Borel subgroup of upper triangular matrices in G , and the alcove contained in the corre-
sponding positive Weyl chamber.
The group G is simply connected and hence W˜ = Waf by Remark 1.5. For p = 0, . . . ,m, deﬁne
e−μp def= [diag(u(p),1, . . . ,1, (−1)p,1, . . . ,1, (−u−1)(p))] ∈ Waf, (4.1)
where (−1)p is the m + 1-th entry of the diagonal matrix. We are interested in determining the
resolution provided by Theorem 3.4 of the (P,P)-Schubert varieties Sp ⊂ F corresponding to e−μp
in terms of lattice chains.
First we make the Kottwitz morphism κT : T (K ) → X∗(T )I and the identiﬁcation of the aﬃne Weyl
group with the aﬃne Weyl group of a reduced root system explicit.
We identify
X∗(T ) =
{
(x1, . . . , xn) ∈ Zn
∣∣∑ xi = 0}⊂ Zn
and X∗(T ) = Zn/Z with Z ↪→ Zn embedded diagonally. The non-trivial element of the Galois group I
acts on Zn by
(x1, . . . , xn) −→ (−xn, . . . ,−x1).
The pairing X∗(T ) × X∗(T ) → Z is induced by the standard pairing Zn ×Zn → Z. This gives rise to a
commutative diagram
X∗(T )I × X∗(T )I Z
Zm ×Zm Z.
(4.2)
Hence, the pairing 〈−,−〉 : Zm ×Zm → Z in (4.2) is the standard pairing.
Set V = X∗(T )I ⊗R = Rm . Since X∗(T )I is torsion free, the Kottwitz morphism is uniquely deter-
mined by
〈
κT (a), ei
〉= −val(aia¯i),
for a ∈ T (K ) and ei the i-th standard basis vector of V ∨ =Rm , i.e. we have2
κT : T (K ) −→ X∗(T )I = Zm,
diag(a1, . . . ,an) −→
(−2val(a1), . . . ,−2val(am)). (4.3)
2 The sign in (4.3) comes from our normalization of the Kottwitz morphism in Remark 1.2.
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the aﬃne root system of G with respect to S (in the chosen basis of V ∨) is given by
±1
2
ei ± 12e j +
1
2
Z, ±1
2
ei + 12Z and ± ei +
1
2
+Z.
Hence, the set of root hyperplanes is the zero set of the aﬃne functions
{±ei ± e j +Z,±2ei +Z},
i.e. the corresponding reduced root system Σ0 is of type Cm . By the choice of the base lattice Λm the
aﬃne Weyl group Waf is represented as a semidirect product
Waf = Q ∨(Σ0)W (Σ0) = Zm W0 with W0 =Sm  {±1}m. (4.4)
The element e−μp ∈ Waf deﬁned in (4.1) corresponds via the Kottwitz morphism κT to the an-
tidominant cocharacter −μp = (−1(p),0(m−p)). Denote by τi, j the transposition in Sm permuting
i and j and by ±1i the i-th entry of {±1}m . Then the simple reﬂections s1, . . . , sm of W0 are
given by si = τi,i+1 for i = 1, . . . ,m − 1 and sm = −1m . The simple aﬃne reﬂection s0 is given by
s0 = ((1(1),0(m−1)),−11) with respect to the semidirect product decomposition (4.4).
Lemma 4.1. The decomposition of e−μp (provided by Theorem 3.4) is determined by e−μp = wp,1 · wp,2
with
wp,2 =
p∏
i=1
(s0 · · · · · si−1),
where the symbol
∏p
i=1 gi means the product g1 · · · · · gp (taken in that order). The element wp,2 has length
p(p+1)
2 and maps under the quotient mapping Waf → Waf/W0 to μp .
Denote by Qp the standard parahoric group scheme corresponding to the subset of simple reﬂec-
tions {s1, . . . , sˆp, . . . , sm}. This set generates the stabilizer of μp in W0. Let ρ = (m,m−1, . . . ,1) ∈ V ∨
be the halfsum of the positive roots in Σ0.
Corollary 4.2. The Schubert variety Sp has dimension |〈μp,2ρ〉| = p(2m + 1− p), and there is set theoreti-
cally a disjoint union in L+P-orbits given by
Sp =
p∐
i=0
L+Pe−μi L+P/L+P.
Moreover, the multiplication morphism
m : S˜ p = L+P ×L+Qp
(
L+Qpeμp L+P
)
/L+P −→ (L+Pe−μp L+P)/L+P = Sp
is a resolution in the sense of Theorem 3.4.
Proof. Corollary 2.10 implies the statement on the dimension and stratiﬁcation. The second statement
follows from Lemma 4.1 and Theorem 3.4. 
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the symplectic group of a 2m-dimensional k-vector space as follows: Every element of P commutes
with the linear map u ⊗ 1 on Λm ⊗ k, and we obtain a morphism of k-groups
P −→ SL(Λm/uΛm), (4.5)
whose kernel is unipotent. Let E = Λm/Λ∨m , a 2m-dimensional quotient space of Λm/uΛm . The re-
duction modulo u of uφ induces a symplectic form φspl on E , and (4.5) induces an isomorphism of
k-groups
Pred ∼=−−→ Sp(E). (4.6)
We will now give a linear algebra description of the resolution m : S˜ p → Sp .
Let Sp be the functor on the category of k-schemes whose Spec(R)-valued points are the set of
R[[u]]-lattices Λ such that
(i) Λ ⊂ u−1Λ∨ and u−1Λ∨/Λ is locally free on R of rank 1,
(ii)
∧n
Λ = (u−m),
(iii) inv(Λm ⊗k R,Λ)−μp .
Let S˜p be the functor on the category of k-schemes whose Spec(R)-valued points are the set of pairs
of R[[u]]-lattices (Λ′,Λ) such that
(i) Λ satisﬁes properties (i)–(iii) above,
(ii) (Λ′)∨ ⊂ Λ′ and Λ′/(Λ′)∨ is locally free on R of rank 2(m− p),
(iii) Λ′ ⊂ Λ and Λ/Λ′ is locally free on R of rank p,
(iv) Λ′ ⊂ Λm and Λm/Λ′ is locally free on R of rank p.
Conditions (ii) and (iv) say that Λ′ deﬁnes a point of L+P/L+Qp .
The functors Sp and S˜p are representable by projective schemes over k, and there is a natural
projection m′ : S˜p → Sp .
Set Λ′m = Λm ∩ (e−μpΛm). We have morphisms ϕ : Sp → Sp and ψ : S˜ p → S˜p given on Spec(R)-
valued points by
ϕ : Sp
(
Spec(R)
)−→ Sp(Spec(R)),
g ·P(R[[t]]) −→ g · (Λm ⊗k R)
and
ψ : S˜ p
(
Spec(R)
)−→ S˜p(Spec(R)),
(c,h) · (Qp(R[[t]])×P(R[[t]])) −→ (c · (Λ′m ⊗k R), ch · (Λm ⊗k R)).
Proposition 4.4. There is a commutative diagram
S˜ p
m
ψ ∼=
Sp
ϕ ∼=
S˜p m
′
Sp
with the vertical maps ϕ and ψ being isomorphisms.
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shows that ψ is a monomorphism. Since ψ is also projective, it is a closed immersion. We show
that S˜ p and S˜p are irreducible and smooth of the same dimension, which will ﬁnish the proof.
By Corollary 4.2 the scheme S˜ p is irreducible and smooth of dimension p(2m + 1 − p). Consider
the commutative diagram
S˜ p
ψ
pr1
S˜p
pr2
L+P/L+Qp
j
G2m−p(E, φspl)
where G2m−p(E, φspl) is the ﬁnite-dimensional Graßmannian of (2m − p)-dimensional isotropic sub-
spaces E ′ of the symplectic space (E, φspl), i.e. (E ′)⊥ ⊂ E ′ with respect to the symplectic form φspl (cf.
Remark 4.3). The vertical arrows are given by pr1 : (c,h) → c and pr2 : (Λ′,Λ) → Λ′/Λ∨m . The map j
is given by c → c · Λ′m/Λ∨m . The scheme L+P/L+Ps maps via (4.6) isomorphically onto Sp(E)/Q p ,
where Q p is the parabolic subgroup of Sp(E) with Weyl group equal to the stabilizer of μp in W0.
We obtain a factorization
L+P/L+Qp
j
∼=
G2m−p(E, φspl)
Sp(E)/Q p
∼=
and hence j is an isomorphism. Consider the (2p + 1)-dimensional k-vector space H = (e−μpΛm +
u−1Λ∨m)/Λ′m . The reduction modulo u of the form u2φ induces an orthogonal form φort on H . Denote
by Gp(H, φort) the ﬁnite-dimensional Graßmannian of p-dimensional isotropic subspaces H ′ of the
orthogonal space (H, φort). Then the morphism pr2 is a Gp(H, φ
ort)-bundle, and thus S˜p is irreducible
and smooth of dimension
(
p(2m− p) − p(p − 1)
2
)
+
(
p(p + 1) − p(p + 1)
2
)
= p(2m + 1− p).
This proves the proposition. 
5. Applications to some local models of Shimura varieties
We give an application of the resolution constructed in Theorem 3.4 to the theory of local models
of Shimura varieties in the case of a quasi-split unitary group with a special maximal parahoric level
structure. In this case, the resolution is identiﬁed with an irreducible component of the special ﬁber
of some model M∧s . This is in analogy with the work of G. Pappas and M. Rapoport in [PR2] and
N. Krämer in [Kr]. We deduce some geometric consequences for the local model which were obtained
earlier by K. Arzdorf in [Arz] using direct computations.
First we ﬁx some notation. Let L/L0 be a quadratic totally ramiﬁed extension of local ﬁelds with
ring of integers OL/OL0 and algebraically closed residue ﬁeld k of characteristic = 2. Fix a uni-
formizer π0 ∈ OL0 , and a uniformizer π ∈ OL with π2 = π0. Denote by ·¯ the non-trivial element
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non-degenerate symmetric L0-bilinear form (−,−) : W × W → L0 by
(x, y)
def= 1
2
Tr
(
φ(x, y)
)
.
For an OL-lattice λ, denote by λ∨ the dual with respect to φ, and by λˆ the dual with respect to
(−,−). Then λˆ = π−1λ∨ . Assume that φ splits, i.e. there is a basis e1, . . . , en such that
φ(ei, en− j+1) = δi, j ∀i, j = 1, . . . ,n.
For i = 0, . . . ,n − 1, deﬁne the OL-lattices
λi
def= spanOL
{
π−1e1, . . . ,π−1ei, ei+1, . . . , en
}
,
and complete {λ0, . . . , λn−1} into a selfdual periodic lattice chain λ• = {λi}i∈Z .
For any OL-scheme S and any OL-lattice λ, set λS = λ ⊗OL0 OS and likewise, write (−,−)S =
(−,−) ⊗OL0 OS . Denote by Π the operator π ⊗ 1 on λS . Note that λˆm,S = λm+1,S , i.e. λm,S and
λm+1,S are in duality with respect to (−,−)S .
5.1. The local model
We follow [PR3, §1.e] for the deﬁnition of the local model. See also [Arz] in this particular case.
Fix non-negative integers s < r with r + s = n. Let Mnaives = Mnaive{m},s be the functor on category
of OL-schemes deﬁned as follows: for any OL-scheme S , let Mnaives (S) be the set of OL ⊗OL0 OS -
submodules
ES ⊂ λm,S , E ′S ⊂ λm+1,S ,
which are locally (on S) direct summands of rank n, subject to Conditions (N1)–(N3) below:
(N1) There is a commutative diagram induced by the canonical lattice inclusions:
λm,S
i
λm+1,S
j
π−1λm,S
E E ′ π−1E .
(N2) The vector bundle E ′ = E⊥ is the orthogonal complement of E with respect to
(−,−)S : λm,S × λm+1,S −→OS .
(N3) The characteristic polynomial of Π |E is given by
det(T − Π |E) = (T − π)s(T + π)r ∈OS [T ].
The functor Mnaives is a closed subfunctor of a product of ﬁnite-dimensional Graßmannians and hence
representable by a projective OL-scheme.
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pairs (E,E ′) ∈ Mnaives (S) such that Condition (W) below holds:
(W) The exterior powers
r+1∧
(Π − π |E) = 0 and
s+1∧
(Π + π |E) = 0,
vanish, and the same holds true with E replaced by E ′ .
The scheme Mnaives is called the naive local model of signature (r, s) (associated to the group of unitary
similitudes GU(φ) and J = {m}), and M∧s is called the wedge local model of signature (r, s).
Lemma 5.1. On generic ﬁbers M∧s,η = Mnaives,η , and these are isomorphic to the ﬁnite-dimensional Graßmannian
Gs,n(W ) of s-dimensional subspaces of W .
Proof. Let S be a scheme over L. We have an isomorphism of OS -algebras
L ⊗L0 OS
∼=−−→OS ×OS ,
(x, y) −→ (xy, x¯y).
Let (E,E ′) ∈ Mnaives,η (S). Let E = E+ ⊕ E− be the decomposition according to the above isomorphism
of OS -algebras. The operator Π acts through +π on E+ and through −π on E− . By Condition (N3)
the summand E+ has rank s, and E− has rank r. The same is true for E ′ , and hence Condition (W) is
automatic, i.e. M∧s,η(S) = Mnaives,η (S). By Condition (N2) the module E ′ is already determined by E . On
the other hand, E− is already determined by E+ , and we obtain an isomorphism
Mnaives,η (S)
∼=−−→ Gs,n(W ),(E,E ′) −→ E+. 
There is a further variant: let M locs be the scheme theoretic closure of the generic ﬁber M
naive
s,η in
Mnaives . The scheme M
loc is called the local model of signature (r, s). We have closed immersions of
projective OL-schemes
M locs ⊂ M∧s ⊂ Mnaives ,
which are equalities on generic ﬁbers.
5.2. A candidate for a semistable resolution of M∧s
In analogy with [PR2] and [Kr], let M∧s be the functor which is deﬁned as follows: for any OL-
scheme S , let M∧s (S) be the set of triples (E,E ′,G′) with (E,E ′) ∈ M∧s (S) and an OL ⊗OL0 OS -
submodule
G′ ⊂ E ′,
which is locally (on S) a direct summand of rank s, subject to Conditions (R1) and (R2) below:
(R1) There is an inclusion (Π + π)E ′ ⊂ G′ .
(R2) The operator (Π − π)|G′ = 0 vanishes.
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sentable by a projective OL-scheme. Denote by
πs :M∧s −→ M∧s ,(E,E ′,G′) −→ (E,E ′), (5.1)
the canonical projection. The morphism πs is an isomorphism on generic ﬁbers: With the notation
from the proof of Lemma 5.1, we have G′ = (E ′)+ on the generic ﬁber.
On the special ﬁber of the wedge local model M∧s = M∧s ⊗ k only Condition (W) above depends
on s, and for i < j, there is natural closed immersion M∧i ⊂ M∧j . Hence, we obtain a chain of closed
immersion
{∗} = M∧0 ⊂ M∧1 ⊂ · · · ⊂ M∧s−1 ⊂ M∧s .
For i = 0, . . . , s, let Zi be the strict transform of the open subscheme M∧i \M∧i−1 ⊂ M∧i under the
special ﬁber π s :M∧s → M∧s of the morphism (5.1). Here by deﬁnition M∧−1 =∅ is the empty set.
Theorem 5.2.
(i) The schemes Z0, . . . , Zs are irreducible and generically smooth of dimension rs, and hence the special
ﬁber M∧s =
⋃s
i=0 Zi is the union of s + 1 divisors on the scheme M∧s . The divisors Z0 , Zs are smooth,
and the restriction π s|Zs : Zs → M∧s is a surjective birational projective morphism. In particular, M∧s is
irreducible and contains a non-empty open reduced subscheme.
(ii) The special ﬁber of the local model M locs is equal to the reduced locus (M
∧
s )red , and hence π s|Zs factors
through M locs deﬁning themorphism θ : Zs → M locs . Under a suitable3 embedding in a twisted aﬃne Graß-
mannian, the morphism θ is identical to the equivariant aﬃne Demazure resolution in Proposition 4.4.
Remark 5.3. (i) If (r, s) = (n− 1,1), an explicit calculation, analogous to the calculation in [Kr], shows
that the morphism
π1 :M∧1 −→ M∧1
is a semistable resolution, i.e. M∧1 is regular, and the irreducible components of the special ﬁber
{Zi}i=0,1 are smooth divisors crossing normally. However, in this case the local model M loc1 is already
smooth as was pointed out by the author [Arz, Prop. 4.16].
(ii) One may ask whether πs : M∧s → M∧s is a semistable resolution in general. I know of no
counterexample.
First we need a few lemmas on the structure of M∧s . Then we explain the embedding into the
twisted aﬃne Graßmannian in Section 5.3 below and ﬁnish the proof of Theorem 5.2.
Let (E,E ′,G′) be the universal triple over the special ﬁber M∧s . Deﬁne the (non-empty) open
subset
U∧s
def= {x ∈M∧s ∣∣ (G′/ΠE ′)⊗ κ(x) = 0}.
Since ΠE ′|U∧s = G′|U∧s , the restriction of π s : M∧s → M∧s to U∧s is an isomorphism onto an open
subset U∧s ⊂ M∧s \M∧s−1. We will see later that U∧s = M∧s \M∧s−1.
3 See Section 5.3 below.
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n−1), where i denotes the morphism induced by the lattice inclusion λm ⊂ λm+1 (see Condition (N1)
above). We equip iΠλm,k with the non-degenerate symplectic form 〈−,−〉 : iΠλm,k × iΠλm,k → k
deﬁned by
〈iΠu, iΠ v〉 def= (u, iΠ v)k,
for u, v ∈ λm,k . Note that this is well deﬁned. Denote by Gs,2m(iΠλm,k, 〈−,−〉) the ﬁnite-dimensional
Graßmannian of s-dimensional isotropic subspaces of iΠλm,k with respect to 〈−,−〉.
By Condition (R1) above, we have a morphism
M∧s −→ Gs,n(Πλm+1,k),(E,E ′,G′) −→ G′.
Deﬁne Z by the Cartesian diagram
Z M∧s
Gs,2m(iΠλm,k, 〈−,−〉) Gs,n(Πλm+1,k).
Lemma 5.4. The scheme Z is irreducible smooth projective of dimension rs, and is equal to the scheme theoretic
closure of U∧s inM∧s .
Proof. Let G′spl be the universal element of Gs,2m(iΠλm,k, 〈−,−〉). We have
Z(S) = {(ES ,E ′S , (G′spl)S) ∈M∧s (S)},
for any k-scheme S . We consider the locally direct summand V = i−1Π−1G′spl of λm,Gs,2m(iΠλm,k,〈−,−〉)
of rank n + s + 1. For a triple (ES ,E ′S , (G′spl)S ) ∈ Z(S), we claim that
V⊥S ⊂ E ′S ⊂ iVS , (5.2)
where V⊥S is the orthogonal complement of VS with respect to (−,−)S .
Second inclusion in (5.2): consider the (degenerate) symmetric bilinear form
(−, i−)S : λm,S × λm,S −→OS .
We see that ker(i) = 〈πem+1,S 〉 ⊂ ES . From Condition (N2), it follows E ′S ⊂ iλm,S , and hence (using
Condition (R1)) the second inclusion is obvious.
First inclusion in (5.2): by taking complements, we obtain from the second inclusion (iVS )⊥ ⊂ ES .
Since
(VS , i(iVS)⊥)= ((iVS)⊥, iVS)= 0,
we obtain i(iVS)⊥ ⊂ V⊥S . This is an inclusion of locally direct summands of rank n− s− 1 and is thus
an equality. Then the ﬁrst inclusion follows from
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and from Condition (N1) above.
Note that the isotropy condition on G′spl translates into G′spl ⊂ V⊥S .
Since i(iVS )⊥ = V⊥S , the morphism i induces an isomorphism
i¯ : VS/(iVS)⊥ ∼=−−→ iVS/V⊥S ,
and hence gives rise to a non-degenerate symmetric bilinear form
(−, i¯−)S : VS/(iVS)⊥ × VS/(iVS)⊥ −→OS .
Note that VS/(iVS )⊥ is a locally free OS -module of rank 2s + 1. The condition iES ⊂ E ′S is equivalent
to the condition
ES/(iVS)⊥ ⊂
(ES/(iVS)⊥)⊥′ ,
where (−)⊥′ denotes the complement with respect to (−, i¯−)S . All in all, we have constructed a
morphism of Gs,2m(iΠλm,k, 〈−,−〉)-schemes
f : Z −→ Gs,2s+1
(V/(iV)⊥, (−, i¯−)),(E,E ′,G′spl) −→ E/(iV)⊥,
where Gs,2s+1(V/(iV)⊥, (−, i¯−)) is the ﬁnite-dimensional Graßmannian of s-dimensional isotropic
subspaces with respect to (−, i¯−). It is easy to see that f is a projective monomorphism and hence is
a closed immersion. We claim that f is an isomorphism. Since Gs,2s+1(V/(iV)⊥, (−, i¯−)) is irreducible
smooth (in particular reduced) of dimension
(
s(2m − s) − s(s − 1)
2
)
+
(
s(s + 1) − s(s + 1)
2
)
= s(n − s),
it is enough to prove that dim(Z)  s(n − s). To ﬁnish the proof, we show that U∧s ⊂ Z , i.e. if
(ES ,E ′S ,G′S ) is an S-valued point of M∧s ⊗ k with ΠE ′S = G′S , then G′S is contained in iΠλm,S and
is isotropic with respect to 〈−,−〉.
We have seen that E ′S ⊂ iλm,S and thus G′S = ΠE ′S ⊂ iΠλm,S . It remains to show that 〈ΠE ′S ,
ΠE ′S 〉S = 0. We may assume that S = Spec(R) is the spectrum of a local ring. Let x ∈ S(k) be
the closed point. The subspace iΠEκ(x) ⊂ ΠE ′κ(x) is of codimension  1. Hence, we can write
ΠE ′κ(x) = iΠEκ(x)+span{v¯}. Let v be a lift of v¯ in ΠE ′S . By Nakayama’s Lemma ΠE ′S = iΠES +span{v}
on S . But 〈iΠES ,ΠE ′S 〉S = 0 by deﬁnition of 〈−,−〉S , and we have to show that 〈v, v〉S = 0. But the
form 〈−,−〉S is symplectic and char(k) = 2. 
Corollary 5.5. The morphism π s|Z : Z → M∧s is surjective and birational. In particular, M∧s is irreducible and
contains a non-empty open reduced subscheme.
Proof. It is enough to show that Z(k) → M∧s (k) is surjective, i.e. if (Ek,E ′k) ∈ M∧s (k), then there is
a G′k ∈ Gs,2m(iΠλm,k, 〈−,−〉)(k) such that (Ek,E ′k,G′k) ∈ Zs(k). So we have to ﬁnd an s-dimensional
isotropic subspace G′k ⊂ iΠλm,k such that
ΠE ′k ⊂ G′ ⊂ iΠλm,k ∩ E ′k.
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′ ⊂ ΠE ′k , where (−)⊥
′
denotes the orthogonal
complement with respect to 〈−,−〉. We claim that (ΠE ′k)⊥
′ ⊂ iΠλm,k ∩ E ′k , i.e. (ΠE ′k)⊥
′ ⊂ E ′k: let
iΠ v ∈ iΠλm,k with 〈iΠ v,ΠE ′k〉 = 0. In particular, we have
0= 〈iΠ v, iΠEk〉 = (v, iΠEk) = (Ek, iΠ v),
and hence iΠ v ∈ E⊥k = E ′k . This proves the claim. The existence of G′ is now obvious. 
5.3. Embedding in the aﬃne Graßmannian
A standard technique is the embedding of the special ﬁber of the local model in the corresponding
twisted aﬃne ﬂag variety. For the case of a ramiﬁed unitary group, see [PR3, §3.c].
Let k((u))/k((t)) be an extension of local ﬁelds of Laurent series with u2 = t . We use the notation
from Section 4. Consider the standard lattice chain Λ• . For i ∈ Z, we ﬁx isomorphisms compatible
with π ⊗ 1, resp. u ⊗ 1
λi ⊗OL k ∼= Λi ⊗k[[t]] k,
which sends the natural basis of each side to one another. For a k-algebra R and an R-valued point
(E,E ′) ∈ M∧s (R), deﬁne the R[[u]]-lattice LE (resp. LE ′ ) as the inverse image of E (resp. E ′) under
the canonical projection
Λ{m} ⊗k[[t]] R[[t]] −→ Λ{m} ⊗k[[t]] R(
resp. Λ{m+1} ⊗k[[t]] R[[t]] −→ Λ{m+1} ⊗k[[t]] R
)
. (5.3)
Let F = LGU(φ)/L+P be the twisted aﬃne Graßmannian for the group of unitary similitudes GU(φ)
and the parahoric group scheme P = PI corresponding to I = {m} (cf. [PR3, §3.c]). Then we obtain a
closed immersion into the neutral component
M∧s −→F0,(E,E ′) −→ u−1LE(⊂ u−1LE ′), (5.4)
which is equivariant for the action of L+P . The point (Πλm,k,Πλm+1,k) maps to the standard chain
corresponding to Λm . As a corollary of Corollary 5.5, we obtain the main result from [Arz]:
Corollary 5.6. The special ﬁber of the local model M locs is via (5.4) identical to the Schubert variety Sp deﬁned
in Section 4 for p = s. Hence, it is normal, Frobenius-split (if char(k) > 0) and with only rational singularities.
Proof. The proof goes along the lines of [PR1, Rem. 11.4]: the embedding of M∧s into the aﬃne
Graßmannian identiﬁes (M∧s )red = (M locs )red (Corollary 5.5) with a Schubert variety in F0. By Theorem
2.7, the Schubert variety (M locs )red is normal, Frobenius-split and has only rational singularities. Since
M locs contains an open reduced subset (Corollary 5.5), an application of Hironaka’s lemma to the
ﬂat OL-scheme M locs shows that M locs = (M locs )red. In fact, M locs is identical to Sp with p = s: the
reduced neutral component F0red is isomorphic to the corresponding twisted aﬃne Graßmannian for
the special unitary group [PR1, Prop. 6.6]. Then the same calculation as in [PR3, 2.d.2] shows that
M locs is indeed identical to Sp . 
Remark 5.7. If (r, s) = (n− 1,1), the special ﬁber M loc1 is the quasi-minuscule Schubert variety in F0.
But by Remark 5.3 above, M loc1 is smooth. Hence, the analogue of the theorem of S. Evens and
I. Mirkovic´ [EM, Cor. B], namely that the smooth locus of a Schubert variety is the open Schubert
cell, does not hold for twisted aﬃne Graßmannians. We will discuss this question in a future paper.
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We will embed the irreducible smooth scheme Z (cf. Lemma 5.4) in a product of twisted aﬃne
ﬂag varieties compatible with the projection π s|Z : Z → M∧s , the embedding (5.4) and equivariant for
the action of L+P .
For a point (E,E ′,G′) ∈ Z(R), denote by LG′ the R[[u]]-lattice deﬁned as the preimage of G′ ⊂ E ′
under the projection LE ′ → E ′ (cf. (5.3)). Let p = s. Then Condition (R2) implies that G′ ⊂ ΠΛm+1,R ,
and it is easy to see that uL∨G′ ⊂ Λm deﬁnes a point of (L+P/L+Qp)(R), where Qp is the para-
horic group scheme of GU(φ) corresponding to the set of simple reﬂections {s1, . . . , sˆp, . . . , sm} as in
Section 4. We obtain a closed immersion
Z −→ L+P/L+Qp ×F0,(E,E ′,G′) −→ (uL∨G′ ⊂ Λm,u−1LE),
such that the diagram
Z
π s|Z
L+P/L+Qp ×F0
pr2
M∧s F0
commutes and is equivariant for the action of L+P . Since π s|Z : Z → M∧s is L+P-equivariant, it is
an isomorphism over the open set U∧s = M∧s \M∧s−1. This implies Zs = Z is irreducible smooth and
of dimension rs. Then π s|Zs factors as a birational projective morphism θ : Zs → M locs of algebraic
varieties, and is by Corollary 5.6 and Proposition 4.4 identical to the equivariant aﬃne Demazure
resolution m : S˜ p → Sp from Section 4. This shows (ii).
In view of Corollary 5.5, it remains to show that M∧s =
⋃s
i=0 Zi with Zi irreducible generi-
cally smooth of dimension rs. The scheme Z0 is the ﬁnite-dimensional Graßmannian Gs,n(Πλm,k)
and hence also irreducible smooth of dimension rs. For i = 1, . . . , s − 1, we see that the morphism
π−1s (U∧i ) → U∧i is a G(s−i),(n−2i)(ker(Π |E ′)/ΠE ′)-bundle and hence Zi is irreducible and generically
smooth of dimension
(s − i)(n − s − i) + i(n − i) = s(n − s).
This shows (i). 
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